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Vectors

vector (ring, entries) where

e 7ing is base ring of entries (a list)
e default ring: Z

Example

sage: u = vector([0, 2, 2, 0])
sage: v = vector([1, 3, -1, 2])
sage: u + v

(1, 5, 1, 2)
sage: uxv
4

sage: u.norm()
2%sqrt (2)
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You can plot vectors!

v.plot (), with optional arguments:
e plot_type: ’arrow’, ’point’, ’step’

e start: tuple, list, or vector
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v.plot (), with optional arguments:
e plot_type: ’arrow’, ’point’, ’step’

e start: tuple, list, or vector

Example

Ilustration of vector arithmetic:

sage: u = vector([1,2])

sage: v = vector([3,-1])

sage: u.plot(color=’red’)
+ v.plot(color="blue’,start=u)
+ (ut+v) .plot(color="purple’)
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You can plot vectors!

Example

Ilustration of vector arithmetic:

sage: u = vector([1,2])

sage: v = vector([3,-1])

sage: u.plot(color=’red’)
+ v.plot(color=’blue’,start=u)
+ (ut+v) .plot(color="purple’)
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matrix( ) where

Matrices

e 7ing (optional) an algebraic ring
N, Z (default), Q, R, C, symbolic ring, ...

o #rows, #cols (optional) number of rows and columns
(default depends on entries; no entries = 0 x 0 matrix)

e entries (optional) is one of

e alist of entries, from northwest corner to southeast
(if #rows, #cols specified)

e a list of row vectors

« none specified? all entries 0


http://en.wikipedia.org/wiki/Ring_(mathematics)
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Compuring Example matrices
John Perry
St o sage: MZ = matrix(ZZ,3,3)
Vector Spaces

sage: MZ
Matrices

[0 0 0]

How matrices

can be useful [O O O]
Summary [O 0 O]
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Example matrices

sage: MZ = matrix(ZZ,3,3)

sage: MZ

[0 0 0]

[0 0 0]

[0 0 0]

sage: MR = matrix(RR,[[1,2,3],[3,2,11,[1,1,211)
sage: MR

[1.00000000000000 2.00000000000000 3.00000000000000]
[3.00000000000000 2.00000000000000 1.00000000000000]
[1.00000000000000 1.00000000000000 2.00000000000000]
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Example matrices

sage: MZ = matrix(ZZ,3,3)

sage: MZ

[0 0 0]

[0 0 0]

[0 0 0]

sage: MR = matrix(RR,[[1,2,3],[3,2,1],[1,1,2]1])
sage: MR

[1.00000000000000 2.00000000000000 3.00000000000000]
[3.00000000000000 2.00000000000000 1.00000000000000]
[1.00000000000000 1.00000000000000 2.00000000000000]
sage: MS = matrix(SR,[[x**2 + 1, 0, 0],

[x + I, 1, 011)
sage: MS
[x~2 + 1 0 0]
[ x+1I 1 0]
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Help yourself read

Good idea to put rows in different lines

sage: MR = matrix(RR, [

[1,2,3],

[3,2,11,

[1,1,2]

D

sage: MR
[1.00000000000000 2.00000000000000 3.00000000000000]
[3.00000000000000 2.00000000000000 1.00000000000000]
[1.00000000000000 1.00000000000000 2.00000000000000]



Accessing matrix entries

Matrix a list of lists = M[1,j] =M;;
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Accessing matrix entries

Matrix a list of lists = M[1,j]=M,;

)
Example
sage: MS[1,0]
x+I
sage: MS[0,2] = x - 1I (counting starts from Q)
sage: MS
[x~2 + 1 0 x - I]

[ x+1 1 0]
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Y ksisieas e M.submatrix(z, j, m, n) gives

o m X n submatrix of M
o whose northwest corner is in row Z, column ;

e M.augment (A4) gives (M |A)
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Y ksisieas e M.submatrix(z, j, m, n) gives

o m X n submatrix of M

o whose northwest corner is in row Z, column ;

e M.augment (A4) gives (M |A)

Example

sage: MZ[1,1] =1

sage: MZ.submatrix(1,1,2,2)
[ 1 0]

[ 00]
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Basic matrix operations

| “dot” command

mathematics

M.det ()

determinant

M.inverse()

M.transpose()

M.eigenvalues()

M.eigenvectors_right ()

right eigenvectors™

M.eigenvectors_left ()

left eigenvectors®

M.echelon_form()

echelon formof unchanged M

M.echelonize()

change M to echelon form

M.ncols()

number of columns

M.nrows ()

number of rows

A M » [ {3 »
* rlght eigenvectors” are usual eigenvectors



http://en.wikipedia.org/wiki/Determinant
http://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors
http://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors
http://en.wikipedia.org/wiki/Row_echelon_form
http://en.wikipedia.org/wiki/Row_echelon_form

MAT 305:
Mathematical
Computing

John Perry

Matrices

Row arithmetic

“dot” command

mathematics

M.set_row_to_multiple_of_row(i,j,a)

set row 2
to 4 times row j*

M.add_multiple_of_row(i,j,a)

add a times row j
to row z*

M.swap_rows (i, j)

SWap rows iz, J

M.swap_columns(i,j)

swap columns 7,7

*row 7 changes; row j remains the same
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Sage has a .inverse () command, but suppose you want to see
steps...?

Matrices
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Sage has a .inverse () command, but suppose you want to see
steps...?

Matrices

Algorithm from High School Algebra II!

algorithm Compute inverse
inputs
M, an invertible matrix over a field
outputs
M—l
do
Let n=dim (M)
Let A be augmented matrix (M | )
Triangularize A
return rightmost 7 X 7 submatrix of A
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(8, 3, 1, 21, [0, 1, 2, 311)

Matrices Augment MZ by 14
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Matrices

Try 1t!
sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 3],
(s, 3, 1, 21, [0, 1, 2, 31D

Augment MZ by I,
To create 1, can set diagonal entries of zero matrix to 1...
sage: I4 = matrix(4,4)
sage: for i in range(4):
I4[i,i] =1
sage: I4
[1 00 0]
[0 10 0]
[0 01 0]
[0 0 0 1]
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Computing Try it!

fohnfery  sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 31,
(s, 3, 1, 21, [0, 1, 2, 3]1D)
Matrices A%gment MZ by 14
...or use identity_matrix() command
sage: I4 = identity_matrix(4)
[1 00 0]
[0 10 0]
[0 01 0]

[0 0 0 1]
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Jl Fy sage: MZ = matrix([[1, 2, 3, 4], [0, 2, 2, 3],
8, 3, 1, 21, [0, 1, 2, 3]D)
Matrices Augment MZ by I,
...or use identity_matrix() command
sage: I4 = identity_matrix(4)
[1 00 0]
[0 10 0]
[0 01 0]
[0 0 0 1]
sage: A = MZ.augment(I4)
sage: A
[12341000]
[02230100]
[83120010]
(0123000 1]
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sage:

MZ

Try 1t!
= matrix([[1, 2, 3, 4], [0, 2, 2, 3],
(8, 3, 1, 21, [0, 1, 2, 3]1])

First column: eliminate non-zero in row 3
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Matrices

Try 1t!
sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 3],
(s, 3, 1, 21, [0, 1, 2, 31D

First column: eliminate non-zero in row 3

sage: A.add_multiple_of_row(2,0,-8)

sage: A

[ 1 2 3 4 1 0 0 0]
[ o 2 2 3 0 1 0 0]
[ 0-13-23-30 -8 0 1 0]
[ o1 2 3 0 0 0 1]
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Matrices

Try 1t!
sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 3],
(s, 3, 1, 21, [0, 1, 2, 31D

First column: eliminate non-zero in row 3

sage: A.add_multiple_of_row(2,0,-8)

sage: A

[ 1 2 3 4 1 0 0 0]
[ o 2 2 3 0 1 0 0]
[ 0-13-23-30 -8 0 1 0]
[ o1 2 3 0 0 0 1]

Second column: swap row w/pivot to row 2,
eliminate other non-zeros
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Matrices

Try 1t!
sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 3],
(s, 3, 1, 21, [0, 1, 2, 31D

Second column: swap row w/pivot to row 2,
eliminate other non-zeros
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Matrices

sage:

sage:
sage:
sage:
sage:
sage:

Lo B e B e |

O O O =

MZ

A
A
A
A
A

Try 1t!
= matrix([[1, 2, 3, 4], [0, 2, 2, 3],
(8, 3, 1, 21, [0, 1, 2, 3]1])

Second column: swap row w/pivot to row 2,
eliminate other non-zeros

.swap_rows(1,3)

.add_multiple_of_row(0,1,-2)
.add_multiple_of_row(2,1,13)
.add_multiple_of_row(3,1,-2)

0
1
0
0

-1 -2 1 0 0 -2]
2 3 0 0 o 1]
3 9 -8 0 1 13]

-2 -3 0 1 0 -2]
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Matrices

sage:

sage:

sage:

sage:

sage:

sage:

Lo B e B e |

O O O =

MZ

= e o= = >

Try 1t!

= matrix([[1, 2, 3, 41, [0, 2, 2, 3],

(s, 3, 1, 21, [0, 1, 2, 31D

Second column: swap row w/pivot to row 2,

eliminate other non-zeros

.swap_rows(1,3)

.add_multiple_of_row(0,1,-2)
.add_multiple_of_row(2,1,13)
.add_multiple_of_row(3,1,-2)

O O —» O

-1
2
3

-2

-2 1 0 o0 -2]
3 0 0 o0 1]
9 -8 0 1 13]

-3 0 1 o0 -2]

Third column: need prvot
multiply row 3 by 1/3
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Matrices

Try 1t!
sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 3],
(s, 3, 1, 21, [0, 1, 2, 31D

Third column: need prvot
multiply row 3 by 1/3
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Matrices

Try 1t!
sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 3],
(s, 3, 1, 21, [0, 1, 2, 31D

Third column: need prvot
multiply row 3 by 1/3

sage: A.set_row_to_multiple_of_row(2,2,1/3)

TypeError: Multiplying row by Rational Field

element cannot be done over Integer Ring, use

change_ring or with_row_set_to_multiple_of_row
instead.
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Matrices

Try 1t!
sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 3],
(s, 3, 1, 21, [0, 1, 2, 31D

Third column: need prvot
multiply row 3 by 1/3

sage: A.set_row_to_multiple_of_row(2,2,1/3)

TypeError: Multiplying row by Rational Field

element cannot be done over Integer Ring, use

change_ring or with_row_set_to_multiple_of_row
instead.

Uh-oh! No multiplicative inverses in defanlt ring! (Z)
Change to Q and proceed.
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Matrices

Try 1t!
sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 3],
(s, 3, 1, 21, [0, 1, 2, 31D

Uh-oh! No multiplicative inverses in default ring! (Z)

Change to Q and proceed.
sage: A = A.change_ring(QQ)
sage: A
[ 1 0 -1 -2 1 0 0 -2]
[ 0 1 2 3 0 0 0 1]
[ 0 0 3 9 -8 0 1 13]
[ 0 o -2 -3 0 1 0 -2]

Looks the same, but it’s not.
Return to regularly-scheduled programming.
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Matrices

Try 1t!
sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 3],
(s, 3, 1, 21, [0, 1, 2, 31D

Third column: need prvot
multiply row 3 by 1/3
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Matrices

Try 1t!
sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 3],
(s, 3, 1, 21, [0, 1, 2, 31D

Third column: need prvot
multiply row 3 by 1/3

sage: A.set_row_to_multiple_of_row(2,2,1/3)

sage: A

( 1 o -1 -2 1 0 0 -2]
( o 1 2 3 0 0 0 1]
L 0 0 1 3 -8/3 0 1/3 13/3]
[ 0 o -2 -3 0 1 0 -2]
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Matrices

Try 1t!
sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 3],
(s, 3, 1, 21, [0, 1, 2, 31D

Third column: need prvot
multiply row 3 by 1/3

sage: A.set_row_to_multiple_of_row(2,2,1/3)

sage: A

( 1 o -1 -2 1 0 0 -2]
( o 1 2 3 0 0 0 1]
L 0 0 1 3 -8/3 0 1/3 13/3]
[ 0 o -2 -3 0 1 0 -2]

Third column: eliminate other non-zeros
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Matrices

sage:

MZ

Try 1t!
= matrix([[1, 2, 3, 4], [0, 2, 2, 3],
(8, 3, 1, 21, [0, 1, 2, 3]1])

Third column: eliminate other non-zeros
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sage:

sage:
sage:
sage:
sage:

Lo B e B |

O O O =

Try 1t!
MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 31,
(s, 3, 1, 21, [0, 1, 2, 31D

Third column: eliminate other non-zeros

A.add_multiple_of_row(0,2,1)
A.add_multiple_of_row(1,2,-2)
A.add_multiple_of_row(3,2,2)

A
0 0 1 -5/3 0 1/3 7/3]
1 0 -3 16/3 0 -2/3 -23/3]
0 1 3 -8/3 0 1/3 13/3]
0 0 3 -16/3 1 2/3 20/3]
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sage:

sage:
sage:
sage:
sage:

Lo B e B |

O O O =

Try 1t!
MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 31,
(s, 3, 1, 21, [0, 1, 2, 31D

Third column: eliminate other non-zeros

A.add_multiple_of_row(0,2,1)
A.add_multiple_of_row(1,2,-2)
A.add_multiple_of_row(3,2,2)

A
0 0 1 -5/3 0 1/3 7/3]
1 0 -3 16/3 0 -2/3 -23/3]
0 1 3 -8/3 0 1/3 13/3]
0 0 3 -16/3 1 2/3 20/3]

Fourth column: need pivot
multiply row 4 by 1/3
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Matrices

Try 1t!
sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 3],
(s, 3, 1, 21, [0, 1, 2, 31D

Fourth column: need pivot
multiply row 4 by 1/3
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fohnfery  sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 31,
(8, 3, 1, 21, [0, 1, 2, 311)

Matrices

Fourth column: need pivot
multiply row 4 by 1/3

sage: A.set_row_to_multiple_of_row(3,3,1/3)

sage: A

( 1 0 0 1 -5/3 0 1/3 7/3]
L 0 1 0 -3 16/3 0 -2/3 -23/3]
L 0 0 1 3 -8/3 0 1/3 13/3]
[ 0 0 0 1-16/9 1/3  2/9 20/9]
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sage:

sage:
sage:

L B e B e |

O O O -

MZ

= matrix([[1,

Try 1t!
2, 3, 4], [O) 23 2’ 3]’

(s, 3, 1, 21, [0, 1, 2, 31D

Fourth column: need pivot
multiply row 4 by 1/3

A.set_row_to_multiple_of_row(3,3,1/3)

A

O O = O
O = O O

Fourth column:

1 -5/3 0 1/3 7/3]
-3 16/3 0 -2/3 -23/3]
3 -8/3 0 1/3 13/3]

1-16/9 1/3  2/9 20/9]

eliminate other non-zeros



MAT 305:
Mathematical
Computing

John Perry

Matrices

sage:

MZ

Try 1t!
= matrix([[1, 2, 3, 4], [0, 2, 2, 3],
(8, 3, 1, 21, [0, 1, 2, 3]1])

Fourth column: eliminate other non-zeros
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Matrices

sage:

sage:
sage:
sage:
sage:

Lo B e B |

O O O =

Try 1t!

MZ = matrix([[1, 2, 3, 4], [0, 2, 2, 3],

8, 3, 1, 21, [0, 1, 2, 3]1])
Fourth column: eliminate other non-zeros

A.add_multiple_of_row(0,3,-1)
A.add_multiple_of_row(1,3,3)
A.add_multiple_of_row(2,3,-3)
A

0 0 o 1/9 -1/3 1/9
1 0 0 16/3 1 0
0 1 0 -8/3 -1 -1/3
0 0 1

-16/9 1/3  2/9

1/9]
-1]
-7/3]
20/9]
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Matrices

sage:

sage:
sage:
sage:
sage:

Lo B e B |

O O O =

Try 1t!

MZ = matrix([[1, 2, 3, 4], [0, 2, 2, 3],

8, 3, 1, 21, [0, 1, 2, 3]1])
Fourth column: eliminate other non-zeros

A.add_multiple_of_row(0,3,-1)
A.add_multiple_of_row(1,3,3)
A.add_multiple_of_row(2,3,-3)
A

0 0 o 1/9 -1/3 1/9
1 0 0 16/3 1 0
0 1 0 -8/3 -1 -1/3
0 0 1

-16/9 1/3  2/9

Hawve inverse! extract, test

1/9]
-1]
-7/3]
20/9]



MAT 305:

Mathema?ical .
Computing Try lt!
fohnfery  sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 31,

(s, 3, 1, 21, [0, 1, 2, 3]1D)
Matrices

Hawve inverse! extract, test
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Computing Try it!
fohnfery  sage: MZ = matrix([[1, 2, 3, 41, [0, 2, 2, 31,
(8, 3, 1, 21, [0, 1, 2, 311)

Matrices

Hawve inverse! extract, test

sage: Minv = A.submatrix(0,4,4,4)
sage: Minv * M

[1 0 0 0]

[0 10 0]

[0 0 1 0]

[0 0 0 1]
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Matrices
Need another computation w/M? Remember:

e M.<tab> states all tools for M
e M.<command>? states help for command

e M.<command>?? lists source code for command



Outline
@ Vectors and Vector Spaces

@ Matrices

® How matrices can be useful

® Summary

«O>» «F>r «

DA



MAT 305:
Mathematical
Computing

John Perry

How matrices
can be useful

Eigenvectors and eigenvalues

An eigenvector x of a matrix M with eigenvalue A satisfies

Mx = Ix


http://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors
http://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors
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An eigenvector x of a matrix M with eigenvalue A satisfies

How matrices MX = /1X

can be useful

Example

(2 ) (=)=2()

verification in Sage:

sage: M = matrix(2,2,[0,2,2,0])
sage: v = vector([1,-1])

sage: Mxv

(-2, 2)


http://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors
http://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors
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How matrices
can be useful

Easy to find in Sage

sage: M = matrix(2,2,[0,2,2,0])
sage: M.eigenvectors_left()

(2, L@@, i1, n, 2, [a -1, 1]

What does this tell us?

e ¢, =(1,1) is eigenvec w/eigenval 2, mult 1

e ¢, =(1,—1) is eigenvec, w/eigenval —2, mult 1
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sage: M = matrix(2,2,[0,2,2,0])
— sage: M.eigenvectors_left()

can be useful [(2’ I: (1, 1) ]’ 1), (—2, [ (1, —1) ], 1)]

What does this tell us?

e ¢, =(1,1) is eigenvec w/eigenval 2, mult 1

e ¢, =(1,—1) is eigenvec, w/eigenval —2, mult 1
In other words,

o Me, =2¢e

o Me,=—2e,
Try verifying this in Sage
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How matrices
can be useful

Neat fact of eigenvectors

Theorem (Eigendecomposition)
Let M be an n X n matrix with
o independent eigenvectorse, ..., e,

e corresponding to eigenvalues A, ..., A
We can rewrite M as M = QAQ™! where

A

7

A
Q:<el|e2|”'|en) A= ?


http://en.wikipedia.org/wiki/Eigendecomposition_of_a_matrix
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With M as defined,

1 1
How matrices Q_ < 1 —1 > A

can be useful

Verify in Sage that M = QAQ™!
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With M as defined,

1 1
ow matrices Q = < > A
i_:lm be useful 1 - 1

Verify in Sage that M = QAQ™!

Il
/-~
N
|
N
S~

sage: Q = matrix(2,2,[1,1,1,-11)
sage: L = matrix(2,2,[2,0,0,-21)
sage: Q*xLxQ**x(-1)

[0 2]

[2 0]

0 2
...recal M = < 2 0 >
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Summary

Consider the numbers

But how is this useful?

1,1,2,3,5,8,13,...


http://en.wikipedia.org/wiki/Fibonacci_number
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But how is this useful?

Consider the numbers
1,1,2,3,5,8,13,...
This is the well-known Fibonacci sequence:

h=1 f,=1 f,=f, 1+/

Can we get a “non-recursive” formula?


http://en.wikipedia.org/wiki/Fibonacci_number
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hn P . .
fohfe - As a matrix equation,

(o) ()=(2)

can be useful Let’s try rewriting the matrix

11

F= < L > .
Iterative multiplication generates the sequence
sage: F = matrix(2,2,[1,1,1,0])
sage: f12 = vector([1,1])
sage: Fxf12
[2, 1]
sage: F~2xf12
[3, 2]
sage: F~3xf12
[5, 3]
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useful

In short,

~(1)-(£)

n

and

F'=(QAQ™")
=(QAQ™") (QAQ™!) -+ (QAQ™)

=QA(Q'Q)A (6‘1Q) - (Q7'Q)AQ™!

n

— QAnQ—l

Since A is diagonal, it is easy to compute A”
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How matrices

i 1 General outline:
o Compute eigenvectors and eigenvalues
sage: F.eigenvectors_right()
e Construct QA"Q~!
sage: Q = matrix(2,2,[...1)
sage: L = matrix(2,2,[...1)

e Analyze the equation
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e eigenvectors, eigenvalues look inexact
sage: F.eigenvectors_right()
R o [(-0.6180339887498957,
[(1, -1.6180339887498957)], 1),
(1.6180339887498957,
[(1, 0.6180339887498957)], 1)]
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e eigenvectors, eigenvalues look inexact
sage: F.eigenvectors_right()
R o [(-0.6180339887498957,
[(1, -1.6180339887498957)], 1),
(1.6180339887498957,
[(1, 0.6180339887498957)], 1)]

e In fact, we can determine their exact values
sage: F = F.change_ring(SR)
sage: F.eigenvectors_right()
[(-1/2*sqrt(5) + 1/2,
[(1, -1/2xsqrt(5) - 1/2)1, 1),
(1/2*sqrt(5) + 1/2,
[(1, 1/2*sqrt(5) - 1/2)]1, 1)]
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[(-1/2%sqrt(5) + 1/2, [(1, -1/2%sqrt(5) - 1/2)]1, 1),
(1/2xsqrt(5) + 1/2, [(1, 1/2xsqrt(5) - 1/2)1, 1]

How matrices
can be useful

sage: Q = matrix(
[1, -1/2*sqrt(5) - 1/2],
[1,1/2xsqrt(5) - 1/2]
)
sage: var(’n’)
sage: L = matrix(2,2,[
(-1/2*sqrt(5) + 1/2)~(n-2), O,
0, (1/2*xsqrt(5) + 1/2)~(n-2)
D
sage: Q*LxQ*x*(-1)
...very unpleasant
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towe - With an “algebraic massage” (omitted), the matrix product tells

can be useful us that n n
1 [[1+45 1-+5
A 2
To get this:

e need to work with elements of matrix
e rationalize denominators

e notice change in exponent: a bit of trickery involved
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Binet’s Formula

1 [[1+5\" [1=45)"
f”_ﬁ 2 )\ 2
golden ratio

(kindly observe a moment of reverent awe)


http://en.wikipedia.org/wiki/Golden_ratio

Outline
@ Vectors and Vector Spaces

@ Matrices

©® How matrices can be useful

O Summary
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o Sage does matrices
Summary o over fields and rings
o symbolic ring! explore!
o can change base ring

¢ You can solve some sophisticated problems using matrices
on Sage
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