MAT 168 FINAL EXAM

Directions: Solve each problem. Use pencil and show all work; I deduct points for using pen or
skipping important steps. Cell phones are not allowed, not even as calculators; you must shut
off your cell phone. If you find a problem challenging, save it for later and find something you
can do more easily, to avoid running out of time. Some problems are worth more than others. I

encourage you to ask questions.

Name:




PART 1: LIMITS AND DERIVATIVES

1.1. What does it mean for a function f (x) to be differentiable on an interval [a, b|? Give both a
geometric and an algebraic definition.
geometric: the graph of f is smooth on (a, b); put another way, it has no breaks, corners,
or kinks
algebraic: we can find the derivative of f at any point in (a, b); put another way, one of
the following limits exists at every ¢ € (a, b) (and since they are equivalent, all of them

exist):
lim 2y = lim fleth) = fle) = lim Jlo) = L) (z) = fe) .

Az—0 Ax  h—0 h z—C T —c

1.2. State the difference between a “proper” and an “improper” integral.
A proper integral has finite limits of integration and no asymptotes. An improper integral
has an infinite limit of integration or an asymptote.

1.3. Suppose we want to approximate a positive root of 23 — 222 —4x+7 using Newton’s Method.
(a) Why would xy = 2 be a catastrophic place to start? (There are at least two reasons, but
I'll take just one.)
Let’s look at the graph.

s A

(1) Consider the derivative, 322 —4x — 4; at & = 2itis 3 x 22 —4 x 2 —4 = 0. In other
words, the tangent line is horizontal, and has no root, so it will not approximate a
root of the curve. Another way of saying this is that you end up with division by
zero in the formula x; — /(@i)/f/(z)).

(2) The point (2, f (2)) appears in a “bowl”, and bowls can lead Newton’s method into
infinite loops. (To see why, shift the graph up so that the bowl is above the z-axis,
and experiment with the behavior of the tangent lines.)

(a) Find the first four approximations when we start with zy = 1, instead.
x1 = 1.400, 2o = 1.4602, 3 = 1.4626, 24 = 1.4626

(b) Is the last approximation correct to the nearest thousandth place? Why or why not?
We believe the approximation is correct to the nearest thousandth because the decimals
approximation has begun to repeat there — in fact, it repeats even in the ten and hundred
thousandth place!




1.4.

Use geometry to find fob cz dx, where b and c are both positive. Some words should explain
the reasoning.

The graph of the function is a line whose slope is ¢ and whose y-intercept is 0. Over
the interval [0, b], the geometric figure is a triangle, either above or below the x-axis. For
instance:

The triangle’s base has length b. The triangle’s height has length bc. From the formula for
the area of a triangle we conclude that

b 1
/ crxdr = =b’c .
0 2

1.5.

Compute the following limits. Use L'Hospital’s Rule only when necessary.

3(r—1
(a) TRCl))
z—1 Inx
3(x—1)" 3
lim (z ) S im - =3
a=1 Inas, 1 1/p
1
b) lim ="
1" T —
x4+ 17
im = —00
=17 T — 1\0_
(¢c) lim zcot22x
z—0t
. T 1 1
lim zcot 227" = lim —— % Jipy — - =
20+ e—0+ tan 2\, 20t 2sec?2x 2

) lim (1+a)*

z—0t

Let y = (1 + )" and consider Iny = (3/z) In (1 + ). We have

3ln(1+2)" ¢ 314
lim Iny = lim ML:H: lim /17+
z—0t z—0t TN =0t 1

=3.

However, we don’t want the limit of In y; we want the limit of y. We can find that:

lim y = lim ™Y = Moot ¥ — &3
z—07F z—07F



(e) The figure at right shows two functions that
intersect at (0, 0). Estimate

[ (x)
m :
z—0 g (m)
Precisely because the functions inter-
sect at (0,0) we know that we can use

L’Hopital’s Rule. To find the values of the
derivative at a point, sketch in a tangent

line; you should have f'(0) = —2 and
¢ (0) = 1. Hence

A 1 _9
lim /(@) = lim /(0) = — =-2.

=0 ¢ (x)\o z—0 g’ (O) 1
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1.6. We want to find or approximate

2
A:/ 1—22dx
0

without using integration shortcuts. Certain useful formulas for this task appear on the fol-

lowing page.

(a) Sketch the region in question. Do you think the integral be positive or negative? Why?

I

The integral should be negative, as it looks as if there is more area below the axis than

above.

(b) Use high school geometry to approximate the integral. Explain your work with words.

To be clear: I do not want anything sophisticated here. I do not expect you to find the exact
area in this step, or even to find a particularly accurate approximation. Your grade depends

on how intelligently you use ideas of high school geometry to approximate the area. As long

as it makes sense, you earn full credit.

I would approximate this with a quarter circle of radius 1 and a triangle of length 1 and
height 3. The triangle, however, will have negative area because it lies below the x-axis.
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(c) Use four rectangles and left endpoints to approximate A.

A [(1-0)+ (1 — (/2" + (1 —12) + (1 - 3/2)%)] x

N =

= [1+(3/4) + 0+ (=5/4)] x
— 1/8

1
2

(d) Use four rectangles and midpoints to approximate A.
A [ 0 + (L= ) + (L= () + (L= (7)) x5
= [(%16) + (T0) + (%10) + (o)) x
= /s

(e) Use the definition of the integral to find the exact value of A.
Remark: Use the definition of the integral, not an integration shortcut. Using an
integration shortcut will earn you 0 points even if you find the correct value.

2 n
/ (1 —2%)de = lim Zf(a—l—iA:c)Aa:
0 n—>ooi:1

n 2 2
= i i-2). 2
im3r(in)

- 2\*| 2

= i 1— (=) |2

7£&§3[ (n)] .

=1
- 442\ 2
=i (13
' n 2 n 822
= lim (Zn—zng)
=1 =1

= lim ( — xn——
n—oo n TL3 6
. 16n3 4 stuff
=lm(2— —m—F—
n—00 6n3



(f) Why do we expect (d) to be more accurate than (c), and (e) to be exact?
We expect (d) to be more accurate because the midpoint method is more accurate. (If
pressed, I would say that most of the error cancels out in each rectangle, whereas with
left and right endpoints, in general error accumulates across the rectangles.)
We expect (e) to be exact because increasing the number of rectangles reduces the error,
and taking the limit eliminates the error completely.

Left endpoints: 7 = a+ (i — 1) Az
Right endpoints: ] = a + iAx
Midpoints: 7 = a+ (i — 1) Az
Sum shortcuts:

n

ZC:CTL Z'L— TL+1 12 2TL+ _ ’L3 1)2

=1 i=1 =1 i=1

2.4. Compute eight of the antiderivatives indicated. Some require integration by u-substitution;
others, integration by parts; still others, trigonometric techniques, including trigonometric
substitution. Most are proper, but a few were brought up without manners and are thus
improper. As in real life, it’s not always obvious who’s proper and who ain’t.

(@) [cos'zsinz dx
Let u = cos . Then 94/4z = — sin x. By substitution,

du u®
]—/u4sin:1:>< . _—/u4dU——+C.
—sinx 5

(b) [V1—2a?dx

Let © = sin . Then 9¢/da = cos a. By substitution,

1 S 2¢ 1 sin 2
]—/\/1—8111205COSOdez—/COSQOédOé—/Wd()é—<Oé+gln a)—l—C’.

2 2 2

We need to convert back to . We know that x = sin a, so & = sin™' z. That gives us

1 sin (2sin~' x
[ == <Sin_l.’1)+()> +C'.

2 2

To simplify the second term, first use a double-angle identity:

p ao—1 fer—1
7 ; (sinl - 2 sin (bln x) cos (blIl x) . C> .

2

Certainly sin (sirf1 73) = z. To simplify cos (sirf1 37), look at it this way: we want to
find cos 3 where 3 = sin™' z, or in other words, where sin 5 = #/1. Using right-angle
trigonometry, we know the side opposite 3 is x, and the hypotenuse is 1. We want cos 3,



so we need the side adjacent to /3; from the Pythagorean Theorem, that is v/1 — 22, so
cos 3 = V1=2*/1 = \/1 — z2. Hence
1
I = 5 (sin_lx—i—m\/l—x?) +C.

(Notice that the 2’s cancel in the second term.)

© /x—faﬁ" da

Use partial fraction decomposition:

3 3 A Bx+C
$+x3:x(1—|—x2):;+xz—+1
3=A(2*+1)+ (Bz+C)z
When x = 0, this equation simplifies to 3 = A. To find B and C, we substitute v = £1:
r=1: 3=3x2+B+C
r=—-1: 3=3x24+B-C

We can simply subtract these equations to see that
0=0+2C,
so C' = 0. Back-substitute to find that
3=3x2+B+0 = B=-3.

3 3z x
I= [ =— dr = 31 — dz .
/x 21 3lnla 3/x2+1 ‘

To simplify this last integral, let u = 2% + 1, so that dz = du/(22), and

Hence

x du 3 [du 3 9
I:3ln|$\—3/a%:3ln\x|—§ Z:3ln]x|—§ln(a: +1)+C.

) [e**sinz dx
This looks like a product, so we will integrate by parts. Let

u=e* o =sinzx
u =2 v=—cosz.
Then
I =uv— /u'vd$ = —e*®cosz + 2/62xCOS$dSE :
It looks as if we need to integrate by parts again. Let
u=e* o =cosz
u =2 wv=sinz

Then

I=—e*cosz+2 (uv—/u’vdw) = —e*cosx + 2 (ehsinx—2/ezxsinxd9€) .



We seem to be going in circles, but that’s not really a problem, because we we can sub-
stitute / and solve a linear equation:

I = —e*cosa+ 2% sinx — 41

51 = —e** cosx + 2¢** sinx

1
I = R (—62”5 cosx + 2e** sinx) +C'.

(e) / tan® x sec x dx

Both degrees are odd, so isolate sec x tan x and use the Pythagorean identities to rewrite
everything else as a power of secant:

I = tan® secxtanxdx:/(sec2x—1)secxtanxdx.
——

“everything else”
Let u = secz, so that 9/dz = sec z tan x, as we have

du u? sec’ x
J = 2.1 " =
/(u )se@mm 5 U

—secx + C'.

() / cos® zsin® z dx

Both powers are even, so rewrite using half-angle formulas:

= / (cos2 x)2 sin® x dz

1 +0052x)2 (1 — cosZm)
5 dx

/ (14 2cos2x + cos® 2z) (1 — cos2z) da

|—~oo|>—t

= 8/1—1—00521’—005 2x — cos® 2z dx .

I will split this into three integrals:

11:/1+0082xdx [2:/00522:1:d93 13:/00832$d:£.

The first integral is easy:

The second integral requires another half-angle formula:

I /1+cos4xd 1 +sin4x
= | —dr==(2z )
° 2 2 4




The third integral requires us to isolate cos 2z and use a Pythagorean identity to rewrite
everything else as a power of secant:

15 = cos? 2z cos2zxdr = / (1 — sin? 2x) cos 2z dx .
—

everythign else

Let u = sin 2z, so that 4u/de = 2 cos 2, and we have

d 1 1 3 1 in® 2
13:/(1—u2)cos2x = :—/1—u2du:— u— ) == (sin2e — 22T
2 cos 2x 2 2 3 2 3

Put it all together, and

w/4
(g) / tan® = dz
w/4
Don’t try doing this by hand, but rather think of the geometry. The value is 0.

™

(h)/ tanx dx

0
Careful! This is an improper integral! There is an asymptote at z = 7/2. Separate it as

b T

[ = lim tanz dr + lim tanz dx .
b—=%5" Jo aﬁ%Jr a

To integrate tan x we use a trigonometric identity:

sin x sinx du du
tanx dr = de = — =— [ — =—Injtanz]| .
CcOS T u —sinx U

Hence

[= lim —Injcosz||] + lim —In|cosz|[

5 a—>g+

= lim (—In|cosb| +1In|cos0|) + lim (—In|cosm|+In|cosal) .
b2~ a—3T

However, as b — (7/2)", cosb — 0, and then In |cos b| diverges, so at least one limit
diverges, so the integral diverges.
This is a really evil integral, too, since if you don’t think about the asymptote it converges.

s
(1) / tan® x dx
0
Same consideration (asymptote in the interval). Separate it as

b T

I = lim tan® zdr + lim tan® z dz .
=2~ Jo a—3T Jq



()

To integrate tan? x we use a Pythagorean identity:

/taandx:/Sec2x—1dx:tanx—x.

Hence
[= lim (tanz — )} + lim (tanz — )
b—75 a—>g+
= lim [(tanb—0b) — (tan0 —0)] + lim [(tan7m —7) — (tana — a)] .
b2~ a—Zt

However, as b — (7/2)7, tanb — 00, so at least one limit diverges, so the integral
diverges.
This is a really evil integral, too, since if you don’t think about the asymptote it converges.

* oz
d
/0 21

Since the integral is improper, we rewrite it:

b
dx .

I = lim
b—oo Jq 2+ 1

To integrate, let u = 2 + 1 so that 94/dz = 2x, and then

b
T
b—oo Joo U 2T
1. b du
= — lim —

2 b—oo =0 U

1 . b
= 2 Jim nfull’,

1 ..
= 3 blgglo In |x2 + 1”;20

1 .
:ﬁblgi (ln‘b2+1’ —lnl) .

Hwoever, as b — 00, b> + 1 — o0, and then In (b2 + 1) — 00, so the limit diverges, and
hence the integral diverges.




2.5. Decide the following questions.
(a) Does the area under the graph of f (z) = ze™
what does it converge to? If not, why not?
We want to know if fooo ze " dx converges. Rewrite it as

** converge on the interval [0, 00)? If so,

b
. _ 2
I = lim ze ¥ dx .

b—oo J
Let u = —2? so that %/az = —2x and then
’ d
, u
I = lim / re' ——
b—oo .o —2x
b
= —— lim e du

2 b—oo 2=0

=——lim e "
b—00

0

o 1 . 71)2 0

= 5 Jim (e =)
1

——=(0-1
Lo-1

The interval converges to 1/2.
(b) Does the area under the graph of f (z) = (e” z2) /x?® converge on the interval [—1,1]?
If so, what does it converge to? If not, why not?
We want to know if fj1 (el/ ‘”2) / 23 dx converges. We have to be careful here, because
there is an asymptote at x = 0. Split the integral into two:
b 1/22 1 GI/IZ

I = lim -~ dr + lim 5
b—0- J_1 X a—0t [, X

dx .

To handle the integrals, let u = 1/22, so that 9¢/dz = —2/23, and then

/a? v add 1 1 1
/6: de= [ S x = u__/eudu—_zeu——el/IQ.

3 3 —2 2 2

b 1

2 2

1 1
I = lim —=e'* + lim —561/I

b—0— _1 a0t o
s Lz 1 oye , 1oe 1oy
i (g g ) i (g )

However, as b — 07, then /12 — oo, so that e/t — oco. At least one of the limits
diverges, so the integral diverges.



(c) Why do we say that | jl /2 dz diverges, when its graph is plainly symmetric and suggests
an area of 0?7
The asymptote at z = 0 means that we have to split it into two integrals:

0 1
1 1
/ daH—/ —dx .
1 0 xXr

At least one of these “sub-integrals” diverges (proof omitted; you should be able to verify
it) so the original integral diverges. We may not combine divergent integrals to
obtain a convergent integral.

2.7. Compute the following volumes, if they converge. If they do not, indicate that.
(@) The volume of the solid whose base is the region between f (x) = /22 and the x-axis
over [1,00) and whose cross-sections perpendicular to the z-axis are squares.
This requires volume by slicing. The slice at point = has a cross-section of a square of
side length 1/22, so the area of the cross-section is (1/22)”. Hence
<1\ b1 1| 1 1 1 1
v / () do=lm [ 75dv=lim ( 3> 1 bzzlo( 355 T 3% 13) 20ty =3
(b) The volume of the solid formed by rotating the region between f (z) = 1/22 and the

x-axis over [1, 00) about the x-axis.
This requires volume by discs. The radius is f (x) = 1/22. Hence

* 1Y) ~ 1 1
V:7r/1 <$2> dx:ﬂ/l Fdzz7r><§:§.

(I used the fact that we had already computed the integral in part (a).)

(c) The volume of the solid formed by rotating the region between f (z) = /22 and the
x-axis over [1, 00) about the y-axis.
This requires either volume by shells, or else rewriting the equation in terms of y. If we

use shells, the height of each shell is f () = 1/22. Hence

o 1 *1
V:27T/ x-2d:1::27r/ —dx .
1 T . T

You know from class that this integral diverges, so the volume likewise diverges.




xT

2.8. Let G (z) = / sin 7t dt.

0
(@) Evaluate G (0). Explain how you determined your answer.

G(0) = foo sin 7t dt = 0 because the interval is just a point.

(b) Use the Midpoint Rule to approximate G (4), using 8 subintervals. Round your answer
to the nearest thousandth.
We have Az = (4-0)/s = 1/5. The subintervals’ endpoints are g = 0, z1 = 1/2, x5 = 1,
x3 =32, x4y = 2, x5 = 5/2, ¥ = 3, 7 = 7/2, xg = 4. The Midpoint Rule tells us

8 i
<ﬂ@zzy<%iz%»m
) ) () ()
[ Ty + X5 A Ts + T A Te + 27 A T7+ T8
o () e () o () o (75

[0 oD
(0o (2)(3) 1)

3 5t T or 117 137 ) 157T>

E{l\:}\»—

1
sm—+Sln—+smz+smz+smz+sm 1 + sin 1 + sin 1 xi

2 2+2+2 2 2

l\')\>—‘

(J V2 V2 V2 V2 V2 V2 J)
0.

(c) Use Simpson’s Rule to approximate G (4), using 8 subintervals. Round your answer to
the nearest thousandth.
We have Az = (4-0)/s = /5. The subintervals’ endpoints are o = 0, x1 = 1/2, x5 = 1,
xg = 3/2, x4y = 2, x5 = 5/2, 16 = 3, x7 = T/2, x5 = 4. Simpson’s Rule tells us

G (4) = [f (wo) +4f (v1) + 2f (z2) +4f (z3) + 2f (24)
+4f (25) + 2 (26) + 4 (27) + f ()] x =~
= sin0+4sing +2sin7r—|—4sin327T + 2sin 27

1/2

5 7
+4 sin ?ﬁ + 2sin 37 + 4 sin ?ﬂ +sindmr| X —

—(0+4+0-4+4+0+4+0—4+0)x >
~0.



(d) Using the formulas

(e)

k (b — a) 4
o (L)
compute the upper bound for the error of Simpson’s approximation. Comment on how
this estimate compares to the absolute error.
First we need f*) (), the fourth derivative of f. The derivatives are

Eg <

[ (z) = wcost
f"(z) = —n*sinnt
" (x) = -7 cos t
W (z) = ntsinrt .
The maximum value on [0, 4] of its absolute value is k¥ = 7. Hence

4 N N 4 4
ES<7T (4 O) (4 O) _47r 256

4
= — X — = 20 ~ 0.1 .
= T1R0 8 180 < q09 _ * /720~ 01353
To determine the absolute error, we need to know the actual value of GG (4), which in
this case we can actually compute:

4 4 1
G (4) :/ sinwtdt = —
0

1
= ——(cosdm —cos0)=——(1—-1)=0.
0 T T

Our approximation was also 0 (in both cases, in fact). Hence the absolute error is 0,
which is in fact smaller than the estimate error 0.1353.

Do you expect the error for the Midpoint Rule to be more, or less, than £g? Why or why
not?

Ordinarily we’d expect the error for the Midpoint Rule to be less, but in this case the
error is actually the same, because both approximations lucked out to give us the exact
value.

cos Tt
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