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M otivation

o N

#® Grobner bases — S-polynomial reductions to O
# Reduction: computationally expensive

# So, we would like to skip whenever possible

o WHEN?

When can we skip S-polynomial reduction?

o |
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S-polynomials

~ B

Definition:

lem (1t (f), 1t (g9))
Im, (f)

lem (It (f),1t- (g))

S. (f?g) — Im. (9)

.f_

g
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Reduction

“Get remainder”

|
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Reduction

“Get remainder”

g=hf+r
l

g—%r
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Reduction

“Get remainder”

g=hif1+hafo+hsfs+r
|

g—pT

where F' = (f1, fa2, f3)

|
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Question, restated
B -

When can we skip S-polynomial reduction?

o |
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Previous Results

f # Buchberger, 1965 T
gcd (ﬁ,ﬁ))) =1 = Si3—%0 (BC1)
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Previous Results

f # Buchberger, 1965

gcd (ﬁ,ﬁg) =1 = Si3—%0 (BC1)
# Buchberger, 1979

S PN

fo | lem (1. f5) BC2)

= [Slz—ﬁyo N 823—>}0 — S13—>};0}
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Previous Results

f # Buchberger, 1965

gcd (]/‘\1, ]/‘;)) =1 = Si3—%0 (BC1)
# Buchberger, 1979
S .
fo lem (1, /) BC2)
= [Slz—flk;() N Szg—ﬁpo — S13—>}0}
f1 =27y fa =1y’
. fo = xy?
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Question
B -

Are there other cases on leading terms?

o |
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Question
B -

Are there other cases on leading terms?

Can skip Si3
)

VFYi=1,2,3 ﬁ =1, = [Slg—ﬁyo A\ Sgg—ﬁyo = S]_3_>;10:|
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Question

-

Are there other cases on leading terms?

Can skip Si3
)
VFYi=1,2,3 j/i =1, = [Slg—ﬁyo A\ Sgg—ﬁyo = S]_3_>;10:|
Want| CC(¢1,19,t3) || Can skip Si3
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Question
B -

Are there other cases on leading terms?

Can skip Si3
)

VFYi=1,2,3 j/i =1, = [Slg—ﬁyo A\ Sgg—ﬁyo = S]_3_>;10:|

Want| CC(¢1,19,t3) || Can skip Si3

Note:

# (BC1l) = Can skip S;3
L #® (BC2) = Can skip Si3 J
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Theorem (2004)

Can skip Sq3
)

CC(t1,t0,13) := CCL(t1,12,t3) and CC2(ty, 12, 13)
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Theorem (2004)

Can skip Sq3

)
CC(t1,t0,13) := CCL(t1,12,t3) and CC2(ty, 12, 13)

where

CCl(tl,tQ,tg) & ged (tl,tg) | to Or 19 ‘ lcm (tl,tg)
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Theorem (2004)

Can skip Sq3

)
CC(t1,t0,13) := CCL(t1,12,t3) and CC2(ty, 12, 13)

where

CCl(tl,tQ,tg) & ng(tl,tg)‘tQ or tg‘l(:m(tl,tg)

CC2(t1,t2,t3) <« variable-wise: BC1 or BC2

o |
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Geometrically speaking

-

Where t5?

<

o,

ty
o > X

L All variables relatively prime J
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Geometrically speaking
-

Where t5?

L All variables relatively prime 4|
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Geometrically speaking

-

Where t,7?
1 = :134y l3 = :1:2y3

y
A

t3

®

®
tl
= X
L No variables relatively prime J
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Geometrically speaking
-

Where t5?

<

- X

L No variables relatively prime J
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Geometrically speaking

-

Where t5?
t] = 2 t3 = :z:zyg

y
A

t

‘®

tl
® > X
L Relatively prime on y J
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Geometrically speaking
-

Where t5?

ty

> X

L Relatively prime on y 4|
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Geometrically speaking

-

Where t5?

<

- X

L Relatively prime on « J
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Geometrically speaking
-

Where t5?

<

\_ Relatively prime on x 4|
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Observations

# (BC1) or (BC2) <« Can skip Si3
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Observations
L -

# (BC1) or (BC2) <« Can skip Si3

» Gebauer and Mdaller (1988) and Caboara, Kreuzer and
Robbiano (2002) apply (BC1), (BC2) repeatedly to
obtain minimal generating set for syzygy
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Observations

o N

# (BC1) or (BC2) <« Can skip Si3

#» Gebauer and Mdller (1988) and Caboara, Kreuzer and
Robbiano (2002) apply (BC1), (BC2) repeatedly to
obtain minimal generating set for syzygy

# Finding minimal generating set for syzygy is not good

enough
f1=1a%y fo = xy? f3 =xz
Y 0 2
Si9 « | — 22 Soz > Z Si3 0
0 —y? Y
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Observations

o N

# (BC1) or (BC2) <« Can skip Si3

#» Gebauer and Mdller (1988) and Caboara, Kreuzer and
Robbiano (2002) apply (BC1), (BC2) repeatedly to
obtain minimal generating set for syzygy

# Finding minimal generating set for syzygy is not good

enough
f1=1a%y fo = xy? f3 =xz
Y 0 2
Si9 « | — 22 Soz > Z Si3 0
0 —y? Y

o |

# We truly found new cases

When can we skip S-polynomial reduction? —p.10/16



Can skip S13 = CC
-

Contrapositive: -CC = —Can skip Si3
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Contrapositive: -CC = —Can skip Si3

Assume —-CC: -CC1 or -CC2
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Can skip S13 = CC
-

Contrapositive: -CC = —Can skip Si3
Assume -CC: -CC1 or -CC2

-CCl1:
fi=t1+ged(t1,t2) fa=ta f3=13
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Can skip S13 = CC
-

Contrapositive: -CC = —Can skip Si3
Assume -CC: -CC1 or -CC2

-CC2:
fi=t1+u fo=ty [f3=13

where

deg.. 13 T # Yy

Ve d =
v e { max (O, deg, %) T =y

where deg, {5 > deg, lem (11, ¢3)

o |
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CC = Can sKip 53

S>- (f17 f2)_>}k?’o
and S. (f1, f3)—%0
S> (f27 fS)_ﬁ?’O
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CC = Can sKip 53

S>- (f17 f2)_>}k?’o
and S. (f1, f3)—%0
S> (f27 fS)_ﬁ?’O
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CC = Can sKip 53

S>— (f17 f2)_>}k:’0
and S. (f1, f3)—%0
S. (f2, f3)—F%0

4

S> (Cl, CQ)%EO
and
S. (c2,c3)—70

... Where C' = (¢, c9, c3) are cofactors of ged ( f1, fa2, f3)
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CC = Can sKip 53

S>— (f17 f2)_>}k:’0
and

S. (f2, f3)—=7%0

4

S> (Cl, CQ)%EO
and
S. (c2,c3)—70

CcC

S. (f1, f3)—30

S. (c1,c3)—=¢0

... Where C' = (¢, c9, c3) are cofactors of ged ( f1, fa2, f3)
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Recall:

Another view

Can skip Sq3

VE ... S13—7%0
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Another view

o N

Recall: | Can skip Si3 | < | VF' ... S13—7.0

Main Theorem: | Can skip S;3 |< | CC
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-

Recall:

Main Theorem:

Recall counterexamples: | CC

Another view

Can skip Sq3

VE ... S13—7%0

Can skip Si3 || CC

-

F=(t1 +u,to,t3)= ... S13— 70

|
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Thus:

Another view

Recall: | Can skip Si3 | < | VF' ... S13—7.0

Main Theorem:

Recall counterexamples: | CC

Can skip Si3 || CC

S F = (tl +u,t2,t3):> Slgﬁ}o

VE ... S13—7%0

<~

F = (tl + u,tg,tg)i Slg—f}O
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Another view

o N

Recall: | Can skip Si3 | < | VF' ... S13—7.0

Main Theorem: | Can skip S;3 |< | CC

Recall counterexamples: | CC

S F = (tl + u,tz,t3)2> 813%}0

Thus: | VF ... S13—70 |[<| F = (t1 + u,to,t3)= ... S13— 70

We have eliminated V!

o |
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Summary

o N

“When can we skip S-polynomial reduction?”

# Complete answer for three polynomials
# Four polynomials: ...?

o |
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Thank you!

|
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Examples

-

Example 1.

AN 2 AN

=2y  fa=y fz3 =1z

Can we skip Si3?
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Examples

Example 1.

AN 2 AN

=2y  fa=y fz3 =1z

Can we skip Si3?
No!

sed (71, 1) 172 and fo tlem (7, )
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Examples

-

Example 1.

AN 2 AN

fi=2%y  fa=y f3=xz
Can we skip Si3?
No!
ged (ﬁ, fa) f f>and f flem (ﬁ, fs)

Example 2:

Fa 2 Fa

fi=z%y  fa=uay f3 =2
Can we skip S137?

o |
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Examples

-

Example 1.

AN 2 AN

fi=2%y  fa=y f3=xz
Can we skip Si3?
No!
ged (ﬁ, fa) f f>and f flem (ﬁ, fs)

Example 2:

Fa 2 Fa

fi=z%y  fa=uay f3 =2
Can we skip S137?

L Yes! J
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