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For a system of polynomial equations, determine:
® existence of solutions
® dimension of solutions
e explicit description of solutions

® isf in subspace
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©® Locality of data
® Easy to parallelize

© Sparse matrix data structures, algorithms

Advantages

A dynamic F4
algorithm

John Perry

A “linear algebra”
point of view



F4 Algorithm (highly simplified) “iie”

John Perry
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point of view

repeat
® build “important submatrix”
e perform Gauss-Jordan

until all important submatrices triangular
G « important submatrices’ rows

return G
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©® Why not?

® Might be “practical”

e faster?

® maybe...
® ...but not if overhead is too large

e smaller basis?

® faster application
e tradeoff could be worth it!

Why?
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Why not implemented?

® monomials «~ columns
® swap columns? ~» out of order!
e out of order? ~» not Grobner!

hard to implement w/out breaking other things

Non-trivial problem

A dynamic F4
algorithm

John Perry



A dynamic F4

EXample algorithm

John Perry



A dynamic F4

EXample algorithm

John Perry



A dynamic F4

EXample algorithm

John Perry



xzy
—4
1 —4
—4
1 —1

A dynamic F4

EXample algorithm

John Perry



A dynamic F4

EXample algorithm

John Perry

& X’y
1 1 —4
1 1 —4
1 1 —4
1 —1
1 —1
1 -1

{xzy +x—4y,y? + x> —4,x2y— 1} not GB under any order



A dynamic F4

PaSt WO rk algorithm

John Perry

Dynamic Buchberger implemented, improved, explored
[Caboara, 1993] AIPL, CoCoA (lost)
[ Golubitsky, unpublished] Maple o
[Caboara & Perry, 2014]  Sage
[Hashemi & Talaashrafi, 2016]  Sage
[Perry, 2017] C++
[Langeloh, 2019]  Sage

*[Gritzmann & Sturmfels, 1993] theory, not implementation
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Can we implement a Dynamic F4 algorithm?

(1) Can it be done?
(2) portably?
(3) efficiently?

(4) in an existing computer algebra system?
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Can we implement a Dynamic F4 algorithm? s

(1) Can it be done? o
(2) portably?
(3) efficiently?

(4) in an existing computer algebra system?
(1,2) Yes (3) Define “efficiently”

(4) Yes, but not without a lot of work
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Dynamic F4 Algorithm (highly simplified)

inputs F
choose initial ordering

repeat
¢ build “important submatrix”
e perform Gauss-Jordan
® Non-zero rows?

® reconsider ordering
® adjust matrix
until all important submatrices triangular

G « important submatrices’ rows

return G
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while some rows unprocessed
e identify each row’s possible Im’s (parallel)
® select best row, best ordering
® adjust matrix, reduce by new row (parallel)

bottleneck: identifying possible Im’s over and over and ...
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http://www.cplusplus.com/reference/thread/thread/
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http://www.sagemath.org/
https://github.com/ederc/gb

Implementation?

DynGB

Work-in-progress (Summer 2019)
® “restricted” algorithm
(once chosen, Im’s cannot change)
e portability: {C++11}U {GMP, GLPK, PPL}
® parallelism via STL thread / async

® works, but not a speed demon
® slight disadvantage from weighted term ordering
® Dynamic Buchberger is remarkably slow
® Dynamic F4 is not bad

A dynamic F4
algorithm


https://github.com/johnperry-math/DynGB
https://en.wikipedia.org/wiki/C%2B%2B11
https://gmplib.org
https://www.gnu.org/software/glpk/
https://www.bugseng.com/parma-polyhedra-library
http://www.cplusplus.com/reference/thread/thread/
http://www.cplusplus.com/reference/future/async/
http://www.sagemath.org/
https://github.com/ederc/gb

Implementation?

DynGB
Work-in-progress (Summer 2019)

® “restricted” algorithm
(once chosen, Im’s cannot change)
e portability: {C++11}U {GMP, GLPK, PPL}
® parallelism via STL thread / async

® works, but not a speed demon
® slight disadvantage from weighted term ordering
® Dynamic Buchberger is remarkably slow
® Dynamic F4 is not bad
¢ eventual plan is to fold dynamic code into existing GB
implementation (e.g., Sage, Eder’s F4 code)
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Sample performance i

This is where I demonstrate the implementation.

Hopefully it works just as well as the last time I tried it.

If it doesn’t, I will cry.

Summary for offline readers

Computed homogeneous Cyclic-8 GB
® DynF4 computes a basis of 404 polynomials in 30 sec

® Sage / SINGULAR computes a basis of >1000 polynomials
in 60 sec



A larger example

Homogeneous Cyclic-9, Z,;

processor 2.5GHz
basis size 1996
time 2246 sec (37 min)
static overhead 732 sec
reducing 1046 sec
dynamic overhead 450 sec

memory used 5.6 GB
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SINGULAR (Buchberger)
processor 2.5 GHz
time 4h20m  (x7)
basis size 5601 (x2.8)

Mathic GB (static F4) s
processor 3.6 GHz
time 11m (x2/s)
memory used  11GB (x2)
basis size 5602  (x2.8)

Eder’s GB (static F4)

processor 3.1 GHz
time 5m (x1/6)
memory used  1GB (x1/5)
basis size 5601 (x2.8)
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How can we identify incompatible terms?
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[} xz + X incompatible
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Under what condition(s) is # # lm (¢ + u + v)?

Idea
t=x2, u:xb, v =x"°

bib; < (a;—b;) (Cj - l’;) Vi#j

No constraints
Knows

n constraints

Necessary and sufficient
(under reasonable restrictions)

DA



Geometry

Detected incompatible monomials: x°, y’

ult,v

u? | tv

biby <(a—b,)(c—b,)
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Weighted degree ordering
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0w > [

Z(ai—ﬁi)wi >0
inexact: simplex
exact: double description method



Geometric view

linear constraints — polyhedral cone (skeleton)
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f=rty
g=x"+y"

® Choose x =Im(x+y)
® x> y? skeleton {(1,0),(1,1)}
2> yz
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¢ Dynamic algorithms seek out “good” orderings
® can be faster, smaller... but no guarantee
® metrics need further investigation

® DynF4 shows promise IMHO)

e Criteria to identify incompatible leading terms Conclusions,

future
directions
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