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Outline (1)

Overview of Groebner Bases

Definition of “Combinatorial Criteria”
Why we care

Buchberger’s First and Second Criteria

Hong’s Criterion for Groebner bases under Composition



Outline (2)

Improving Hong’s Criterion: Other Known Criteria
Improving Hong'’s Criterion: New Result and Conjectured Criterion
“Improving” Hong'’s Criterion: New Result

Improving Buchberger’'s Second Criterion: Conjectured Criterion



Step One:

An Introduction to Groebner Bases



Groebner Bases (1)

1. How do | solve z + b = 07?
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Groebner Bases (1)

1. How do | solve z + b = 07?
2. How do | extend thisto axz + b = 07?

3. How do | tell a computer to do this?



Groebner Bases (2)

1. How do | solve this system?

r+biy+ 1
x —+ boy + co

|
o o



Groebner Bases (2)

1. How do | solve this system?

r+biy+cy = 0O
r+by—+co = 0
2. How do | extend it to this one?
aijx+bjy+c3 = 0
a>x +boy+co = 0



Groebner Bases (2)

1. How do | solve this system?

r+biy+cy = 0O
r+by—+co = 0
2. How do | extend it to this one?
aijx+bjy+c3 = 0
a>x +boy+co = 0

3. How do | tell a computer to do this?



Groebner Bases (3a)

Example:
Solve
105z —6y = -—-21
—70x+4y = 14
Method:

om (Ita (1), 162 (2) () lem (its (1), 1t (2))

1t (1) it (2) (2)



Groebner Bases (3a)

Example:
Solve
1052 — 6y = —21 (1)
— 0z +4y = 14 )
Method:
om (Itz (1), 1t (2)) 4y _ lem (ite (1) 1t (2))

Itz (1) Itz (2)

reduces system to

[
S

ay



Groebner Bases (3b)

Example:
Obtain
(—=210z + 12y = 42)
—(—210z 4+ 12y = 42)
U
Oy = O

.. Infinitely many solutions.



Groebner Bases (4)

Observe:

Solving linear system
Y
Rewriting as “nicer”,
‘eguivalent” system



Groebner Bases (5)

Observe:
“Nicer” formyields

(in degree 1)



Groebner Bases (5)

Observe:
“Nicer” formyields
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(in degree 1)



Groebner Bases (5)

Observe:

“Nicer” formyields

1. Dimension of solution space
2. Quicker Solving

(in degree 1)



Groebner Bases (6)

How do | solve this system?

r°+ b1z f1 (y) +c191(y) = O

|
o

x% + box fa (y) + cogo (y) =



Groebner Bases (6)

How do | solve this system?

r°+ b1z f1 (y) +c191(y) = O

|
o

x% + box fa (y) + cogo (y) =



Groebner Bases (7)

Tool:
Groebner Bases

Y



Groebner Bases (7)

Tool:
Groebner Bases

4

“nicer”, “equivalent” system
for polynomial ideals



Groebner Bases (8)

Precise Definition:

(G is a Groebner Basis

)
- ~lem (lt (g;), It (gj)) lcm (lt (g:), It (gj))
Vizg S = it (g,) 9i — it (gj> gj
= ZT: hi.gk
k=1
Yk hk = Q or

It (hi) It (g5) < lem (1t (g:) 1t (g;))



Groebner Bases (9)

Notation;:

The current notation is too unwieldy. So we write

gi < 1t(g;)



Groebner Bases (9)

Notation:

The current notation is too unwieldy. So we write

gi < 1t(g;)
[p,q] < lcm(p,q)



Groebner Bases (9)

Notation:

The current notation is too unwieldy. So we write

gi < 1t(g;)
[p,q] < lcm(p,q)
9,951

9di

0jj <



Groebner Bases (9)

Notation;:

The current notation is too unwieldy. So we write

Sz'j — 0 & dhy Sij = > hrg;
AVE =0 vV  hgg < |gi,95]



Groebner Bases (8, take 2)

Precise Definition:

GB (G) iff

ViFE g (Sz'j = 049; — sz'gj) — 0.



Groebner Bases (8, take 3)

Picture Definition:

No combinations of g; in white zone!



Groebner Bases (10)

Example:

G = {mQy—I— 1, 2y2 + 1}



Groebner Bases (10)

Example:

G = {wa—I— 1, 2y2 + 1}

S1p = —x+y
But



Groebner Bases (10)

Example:

G = {ny—l— 1,wy2 -+ 1}
S10 = —x+vy
But
—3h1,ho € k[x,y] —x +y = hi1g1 + hogo
and

hi, = 0 = hi g% < [91,92] -



Groebner Bases (10)

Example:




Interlude:
Term Orderings



Groebner Bases (11)

Difference from univariate:
g; not necessarily unigue



Groebner Bases (11)

Difference from univariate:
g; not necessarily unigue

Example:

r+y3+1=7?




Groebner Bases (11)

Difference from univariate:
g; not necessarily unigue

Example:

r+y3+1=x?




Groebner Bases (11)

Difference from univariate:
g; not necessarily unigue

Example:

r+y3+1=y>?




Groebner Bases (11)

Difference from univariate:
g; not necessarily unigue

Example:

r+y3+1=1?




Groebner Bases (12)

Definition:

> Is an admissible term ordering  iff
vterms p,q,r:
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3.
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Definition:

> Is an admissible term ordering  iff
vterms p,q,r:

l.pFg=p>qgorp<gq

2. plg=p <q
3.



Groebner Bases (12)

Definition:

> Is an admissible term ordering  iff
vterms p,q,r:

l.pFg=p>qgorp<gq

2.plg=>p<q
3.p>q=pr >qr



Groebner Bases (13)

Consequence:
Vt 1|t

Y



Groebner Bases (13)

Consequence:
Vt 1|t

Y

[f =1 = f constant]



Groebner Bases (14)

Fact:

vV >

M er"™" |M|#0

“representing” >



Groebner Bases (15)

Example 1.

pure lexicographic ordering



Groebner Bases (15)

Example 1.

pure lexicographic order

— :v>y3



Example 1.

Groebner Bases (15)

pure lexicographic ordering

=

:U>y3

(1




Groebner Bases (16)

Example 2

total-degree ordering



Groebner Bases (16)

Example 2

total-degree ordering

— :v<y3



Groebner Bases (16)

Example 2
total-degree ordering
= T < y3
(11 .- 1)
. = 1 ... 1

\ 1)



Groebner Bases (17)

Drawback:

Solving systems? — lex



Groebner Bases (17)

Drawback:

Solving systems? — lex

Answer sometime — tdeg
this century?



Groebner Bases (18)

One Solution: “Groebner Walk”
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1. Compute GB (G, >geg)



Groebner Bases (18)

One Solution: “Groebner Walk”

1. Compute GB (G, >geg)

2. Groebner Fan:



Groebner Bases (18)

One Solution: “Groebner Walk”

1. Compute GB (G, >geg)

2. Groebner Fan:

3. “Walk™s >(geg— >lex
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Real World
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“Combinatorial Criteria”?
Real World

Structured Problems

lgnore pathol%ogical cases



“Combinatorial Criteria”?
Real World

Structured Problems

lgnore pathol%ogical cases

Exponent structure



Why we care
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Why we care

1. PhD thesis, career, big bucks, &c.
2. Computing GB (G):

time intensive

memory intensive

(blame polynomial division)

3. Combinatorial criteria = FAST!!I



Step Two:
The First Results



First Results (1)

Buchberger’s First Criterion

VizEj  (g,75) =1

Y



First Results (1)

Buchberger’s First Criterion

VizEj  (g,75) =1

Y

S;i — 0

tj



First Results (2)

Example:

G = {.CUS — 4z°w + 4o, wylo — wy, 22— 22,0}

GB (G) for both lex (z > y > z > w > v) and tdeg.



First Results (3)



First Results (3)

Why?

(9,95) =1 = Sij =7;9i — 5i9;



9i=g+R g;=9;t R

(G5) =1 = Sij =759 — Gig;

|
S
&
S
B

First Results (3)



First Results (3)

9 =g +R gi=9g;+R;

(%g_j) =1 = 5,=09i9 — 9i9;

g—jRi —|— RjRi — g—zR] — RiRj
1195 — 19,



Why?

" Sij

9i =9; + R; 9; =9g; + R;

(G5) =1 = Sij =759 — Gig;

Rigj — R;g;

' R, R; < |gi,9;

Q_ij' -+ Rij' — g_iRj — RiRj

First Results (3)



First Results (4)

Buchberger’'s Second Criterion

Y



First Results (4)

Buchberger’'s Second Criterion

Y

Sik—>OASkj—>O$Sij—>O



First Results (5)

Example:

G = {2 + R1,y” + Ro, zy + Rs}



First Results (5)

Example:

G = {2%y + Ry, 2y? + Rp, vy + R3}

S13—>Oand Sog3 — 0

U

S1> — 0O for free!!!



Sij = [g@-,gj] gi
gdq

99

g
g; 7

First Results (5)



First Results (5)

Why?
Sij = [gi’qu] g [%qu] g;
9i _ 9
_ w9 ol |g95] 199

gi

- (g @ 905 G5



First Results (5)

Why?

5, = 19| loa 99 |99
RO (7771 R A 7 7 7
_ 909 lgiorl 9095 9008
R AR
9,95 |95.9% |99 |gioe

959k Ik 9,95 9

9j



First Results (5)

995 lgngrl 9.9 lgigil
i, 96] g O longr] gk
9095 |95k 900, |95k
[g—j, g—k] 9k I lg_j» g_k] 95

9k

9j

- Sk




Composition (1a)

Composition:



Composition (1a)

Composition:

@:(61,...,9711) C kylaayn]




Composition (1a)

Composition:

@:(81,...,97;1) C kylaayn]
gQ@:g(Ql,,Hm)

m < n




Composition (1b)

Composition:

GB(G) = GB (G 0 0)?



Composition (2)

Hoon Hong’s Criterion ( m = n)

VG GB (G) = GB (G o ©)

)



Composition (4)

Hoon Hong’s Criterion ( m = n)

VG GB (G) = GB (G o ©)

)

© is a list of permuted powers



Composition (5)

Example:

= {x30y15, $5y25}

© = (a®+ ab+ 1,b% — 3b2 — 4)



Composition (6)

Example:

= {x3oy15, $5y25}

© = (a®+ ab+ 1,b% — 3b2 — 4)

HHC: 0.03 seconds

Current Maple:



Composition (6)

Example:

F = {230y15 25,25

© = (a®+ ab+ 1,b* — 3b2 — 4)
HHC: 0.03 seconds
Current Maple: 193.710 seconds

6457 times faster!!!



Composition (7)

Refinements of HHC ( m < n)

Wang Mingsheng et al.:

VG GB (G) = GB (G 0 ©)

)



Composition (7)

Refinements of HHC ( m < n)

Wang Mingsheng et al.:

VG GB (G) = GB (G o ©)

)

© is a list of relatively prime terms



Composition (7)

Example:

F = {230y15 25,25

© = (a®c® + ab + ¢2,b*d3 — 3b2 — 4d°)
WMC: 0.049 seconds

Current Maple: 9833.261 seconds ~ 164 minutes
~200,680 times faster!!!



Composition (9)

Refinements of HHC ( m < n)

Hong and Perry:

VG, ©



Composition (9)

Refinements of HHC ( m < n)

Hong and Perry:

VG, ©

vG',e' G=G e=¢
GB(G') = GB(G'0 @)



Composition (10)

Definition:

LCMCOMM (g;, g;, ©)



Composition (9)

Refinements of HHC ( m < n)
Hong and Perry: VG, ©

Viz=j  LCMCOMM (g;,g;,©)
J

vG',e' G =d = o/

GB(G') = GB(G' 0@



Composition (11)

Notation:

g1 =y g2

)



Composition (11)

Diagram:

_____ 91 - 62 - —— - gl e m .
T I T T T 5 9,

Y, X,
 [gpogp0]l 01,0,]00

yl

yz ___________ R N




Diagram:

Composition (11)

_____ 61 92 ) o gl o
Y1 X1 0,
Y, X5
[glo@,gzo O] J; gz] o)
Y, :




Composition (12)

Observe:

>~y 1s a partial ordering



Composition (12)

Observe:

>~y 1s a partial ordering

Y
dp,gsuchthatp ¥ g Ap £ ¢q



Composition (13)

Fact:

(Perry)

LCMCOMM (g;, g;, ©)
)

Yy gi =y gV gi <y g;



Composition (14)
Definition:

«*  LCMPATH g;,9;,©)




Definition:

Composition (14)

. LCMPATH (g;, g;, ©)
o
6. ¢
T Y eg .,
™ NViFE G Ik, ks 98 = gk 95 = Gk,




Composition (14)
Definition:

ol LCMPATH (g;, g;, ©)

& | ’

vl g, o © [g_ioé,g—jo@]



Composition (14)

Definition:

REpErE LCMPATH (g, 95, ©)
S| 0

VZ#]Hk]_))kSgZ:gklg]:gks

Vlg—kl0§| [g_ioé,g_jog}

ALCMCOMM (g, i, ;> ©)



Composition (15)

Example:

G = {:UQyz + Ry, zyzw + Ro, xy2w + R3}

©@=(ab+-,a+ - ,cF+-,d+-)



Composition (15)

Example:

G = {:UQyz—I—Rl,xyzw+R2,:1:y2w—|—R3}
©=(ab+--,a+-,c+---,d+---)

~LCMCOMM (g1, g3, ®) BUT



Composition (15)

Example:

G = {:UQyz—I—Rl,:I:yzw—I—RQ,:I:wa—|—R3}
©=(ab+--,a+-,c+---,d+---)
“LCMCOMM (g1,93,©) BUT

7200||g10©,730 O]



Composition (15)

Example:

G = {:UQyz—I—Rl,:I:yzw—I—RQ,:I:wa—|—R3}
©=(ab+--,a+-,c+---,d+---)
“LCMCOMM (g1,93,©) BUT

Eo§| [ﬁoé,%oé} A LCMCOMM (g1, 92, ©)



Composition (15)

Example:

G = {:UQyz—I—Rl,:I:yzw—I—RQ,:I:wa—|—R3}
©=(ab+--,a+-,c+---,d+---)
“LCMCOMM (g1,93,©) BUT

EO§| [ﬁ o) @,%o @]/\LCMCOMM (gl,gg, @)/\LCMCOMM (92, g3, @)



Composition (15)

Example:

G = {:UQyz + Ry, zyzw + Ro, xy2w + R3}
©@=(ab+---,a+-,c+-,d+--)

“LCMCOMM (g1,93,©) BUT

G300 [ﬁo@,ﬁo@]/\LCMCOMM (91, 92, ©)YALCMCOMM (go, g3, ©)

. LCMPATH (gl, g3, @)



Composition (16)

Refinements of HHC ( m < n)

Hong and Perry: VG, ©

Vi 7 j LCMPATH (g;, g/, ©)
|

vGa', ©f G=¢qG = &/

GB(G') = GB (G 0 ©)



Composition(17)

Refinements of HHC ( m < n)

Hong and Perry: VG, ©

Vizj —LCMPATH (g;,g;,©)
J



Composition(17)

Refinements of HHC ( m < n)

Hong and Perry: VG, ©

Vizj —LCMPATH (g;,g;,©)
4
A.dG1,©1 1.Gi=GNB, =0
2. GB (G) = GB (G 0 ©)



Composition(17)

Refinements of HHC ( m < n)

Hong and Perry (Conjecture):. VG, ©

Vizj —LCMPATH (g;,g;,©)
Y
B. dG»o, ©5 1.Gi=GNBO1 =06
2. GB(G) # GB (G o ©)



Composition (18)

Example:

G — {ZCQOylSZlO, :Cl5y152:2’w8, x18y30w16}

Q=(ab+b+1,b4+c+1,c—1,d+ 1)
HPC:

Current Maple:



Composition (18)

Example:

G — {ZCQOylSZlO, :Cl5y152:2’w8, x18y30w16}

Q=(ab+b+1,b4+c+1,c—1,d+ 1)
HPC: 0.050 seconds

Current Maple:



Composition (18)

Example:

G — {ZCQOyISZlO, x15y1522w8’ $18y30w16}

Q=(ab+b+1,b4+c+1,c—1,d+ 1)
HPC: 0.050 seconds

Current Maple: >57000 seconds =~ 16 hours
>1,140,000 times faster!!!



Composition (19a)
Observation:

(Lazard)

LCMCOMM || BC1

LCMPATH || BC2



Composition (19b)

LCMCOMM (g;,94,©) Don't have to check SZ-(JQ)



Composition (19b)

LCMCOMM (g;,94,©) Don't have to check SZ-(JQ)

BC1 Don't have to check S;;



Composition (19c¢)

LCMPATH (g;,95,©) 3k1,..., ks gi; 0 ©| |gi, 5]



Composition (19c¢)

LCMPATH (g;,95,©) 3k1,..., ks gi; 0 ©| |gi, 5]

BC2 k1, ..., ks gki\ [Qz‘, gj}



Composition (20)

Question:

BC1, BC2only pre-© CC?



Composition (21)

Fact:

(Perry)

G = {z172, 2173, 2124}



Composition (21)

Fact:

(Perry)

G = {z172, 2173, 2124}
J

Vi g; "reduced } ~ Sya— 0

S1o — 0N So3 — 0



Composition (22)

Fact:

p2 f[p1,Pp3]

Vp1, P2, P3 { (p1p3) [ (p1,p2) A (P1p3) f (P2, D3)

Y



Composition (22)

Fact:

p2 f[p1,Pp3]

Vp1, P2, P3 { (p1p3) [ (p1,p2) A (P1p3) f (P2, D3)

J
91, 92, 93V1 §; = p; (512 = 0A S23 —0) = S13— 0



Composition (22)

Fact:

p2 f[p1,Pp3]

Vp1, P2, P3 { (p1p3) [ (p1,p2) A (P1p3) f (P2, D3)

J
91, 92, 93V1 §; = p; (512 = 0A S23 —0) = S13— 0

dg1, 92, 93V g; = p; (512 = 0A S23 —0) A& S13— 0



Composition (23)

Why?

Let G = {p1 + (p1,p2) ,P2,P3}
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Why?

Let G = {p1 + (p1,P2) , P2, p3}

Sp3 =



Composition (23)

Why?

Let G = {p1 + (p1,p2),Pp2,P3}

P1,pP2
S10 = | ](p17p2)
P1



Composition (23)

Why?
Let G = {p1 + (p1,P2),P2,P3}
523 =0
[p1, P2l
S]_Q — (p17p2)
pP1
pip2

(p1,p2)
p1(p1,p2)



Composition (23)

Why?
Let G = {p1 + (p1,P2),P2,P3}
523 =0
[p1, p2]
S]_Q — (p17p2)
pP1
Pi1p2

(p1,p2)
p1(p1,p2)



Composition (23)

Why?
Let G = {p1 + (p1,P2),P2,P3}
So3 =20
[p1, p2]
S]_Q — (p17p2)
P1i
L pPi1p2
= (p1,p2)
p1 (p1,Dp2)

p2



Composition (23)
Why?
Let G = {pl _I_ (p17p2) 7p27p3}



Composition (23)

Why?
Let G = {p1 + (p1,P2),Pp2,P3}

S12 =p2 — 0

(p1,p2)



Composition (23)

Why?
Let G = {p1 + (p1,p2),p2, 3}

523 =0

S12 =p2 — 0

P1pP3
p1(p1,Dp3)

S]_3 — (p17p2)



Composition (23)

Why?
Let G = {p1 + (p1,p2),p2, 3}

523 =0

S12 =p2 — 0

P1P3
p1 (p1,Dp3)

513 — (plap2)



Composition (23)

Why?
Let G = {p1 + (p1,p2),p2, 3}

523 =0

S12 =p2 — 0

p3
(p1,p3)

S]_3 — (p17p2)



Composition (23)

Why?
Let G = {p1 + (p1,P2),Pp2,P3}

S12 =p2 — 0

P3
(p1,p3)

(p1,p2) #~ 0

513 =



Composition (23)

Conjecture:

p2 f[p1,p3]

\v/ ) )
P1,P2;P3 { (p1p3) | (P1,P2) A (P1P3) | (P2,P3)

Y



Composition (23)

Conjecture:

p2 f[p1,p3]

\v/ ) )
P1,P2;P3 { (p1p3) | (P1,P2) A (P1P3) | (P2,P3)

U
Vg1, 92,931 G; = p; (512 = 0A S23 —0) = S13— 0



Special Case: © = ©



Composition (24)

Definition:

_ [9i,9j|°©
7 1gi0©,gj00)

A



Composition (25)
Definition:

)




Composition (26)

Refinement of HHC

(Perry)

VG,© 0 =0
Y
GB(G) =GB (Go©)



Composition (27)

Fact:

LCMPATH (g;,9;,0) = A (g;,9;,©)



Composition (27)

Fact:

LCMPATH (gi,95,©) # A (9i,9,©)



Summary

1. Combinatorial Criteria — Time savings!!!
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1. Combinatorial Criteria — Time savings!!!
2. Possibilities Pre- and Post- Composition
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e Nordbeck (SAGBI bases)



Summary

1. Combinatorial Criteria — Time savings!!!
2. Possibilities Pre- and Post- Composition

3. Related work:

e Hong (Symmetric Polynomials), ...
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Future Research

1. Prove remaining conjectures

2. “Chain rule” for Groebner Bases:

L F @) =F (9@ ¢ @)

G (G,0) = GB(GoO)



