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Overview

@ Questions:Common zeroes?

@ Tool: Gaussian eliminations Grobner bases

@ Solutionsto questions

@ Recentadvances



l Part 1. some interesting questions

Given(fl,fz,...,fm) inQ [xl,xz,...,xn]:

@ are there common zeroes oVEf?
@ if so, dimension of solution spacéariety)

@ If zero-dimensional, how many solutions?



Example 1

flzxz-l-l f2:y2—|—1

@ Common zeroes i@??

@ If so, dimension of solution space?

@ If zero-dimensional, how many solutions?



- Example 1

fi=x*4+1  f=9"+1

@ Common zeroes ift??
@ If so, dimension of solution space?

@ If zero-dimensional, how many solutions?
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- Example 1

fi=xy*—2x —y*+2
L=x*y—x*+y—1

@ Common zeroes ift??

@ If so, dimension of solution space?

@ If zero-dimensional, how many solutions?



Motivation

Mathematical applications

@ Algebraic geometry
(Cox, Little, O’Shea textbooks)

@ Algebraic statistics
(Sturmfels)

@ Automated theorem proving
(various textbooks)

@ Commutative algebra
(Kreuzer, Robbiano textbooks)

@ Differential equations and differential algebra
(Lidl, Pilz textbook)

@ Partial differential equations
(Golubitsky, Hebert, Ovchinnikov)




Motivation

Non-mathematical applications

Q
Q
Q

P

Astronomy (singularities)
Coding Theory (de Boer, Pellikaan)

Cryptography (cell phones, NSA, Ackerman and
Kreuzer)

Mathematical biology (Stigler: reverse-engineering
gene networks)

Military (Arnold: automatic radar targeting)

Petri nets (von zur Gathen, Gerhard: parallel
processes)



Example 1: linear

fi=4w—-8x—12z [, =3w+3y—12z

fr=2x+4y fi=3y+z

@ Common zeroes IC?

@ If so, dimension of solution set?

@ If zero-dimensional, how many solutions?

Tool: Gaussian elimination



Example 1: linear

start with inputs:

4w —8x —12z =0
2x +4y =0
3y +z =0

3w +3y —12z =0



Example 1: linear

identify critical pair:

4w  —8x —12z =0
2x +4y =0
3y +z =0

3w +3y —12z =0



Example 1: linear

compute “subtraction” polynomial s:

4w —8x —12z =0
2x  +4y =0
3y +z =0

24x +12y —12z =0

—3f+4f,=24x+ 12y — 12z



Example 1: linear

reduces modulo current F:

40 —8x —12z =0
2x  +4y =0
3y +z =0

24x +12y —12z =0

—3f,+4f, =24x +12y — 12z



Example 1:

linear

reduces modulo current F:

4w —8x —12z =0
2x  +4y =0

3y +z =0

—36y —12z =0

_3f +4f, =12f,—36y — 12z




Example 1: linear

echelon form!

4w —8x —12z =0
2x +4y =0

3y +z =0

0 =0

—3f1+4f4: 12](2— 12f3



Example 1: linear

echelon form!

4w —8x —12z =0
2x +4y =0

3y +z =0

0 =0

—3f1+4f4: 12](2— 12f3

Echelon form:

@ Infinitely many zeroes
@ One-dimensional set of zeroes
@ (—13s,—2s,5,—3s), Vs €C



Summary so far

Given a linear system...

@ Gaussian elimination ~  “nice form”

@ “nice form” ~ Info: zeroes

What abounhon-linear systems???



Aim

@ Linear: Gaussian elimination ~> echelon form

@ Non-linear: Buchberger’s algorithm~s Grobner basis



- Example 2: nonlinear

fi=xy” =2x —y*+2
L=x?y—x*+y—1

@ Common zeroes it?? Yes

@ If so, dimension?

@ If zero-dimensional, how many?

Nice form and its application are not obvious!



l Part 2: Grébner bases

How can we find (and use) this “nice form™?



- Goal

Algorithm  “Generalized Gaussian elimination”

Input:  F = (1, /5> /on)
Output: G =(g,>---»8,), @ “nice form” of F



- Goal

Algorithm  “Generalized Gaussian elimination”

Input:  F = (1, /5> /on)
Output: G =(g,>---»8,), @ “nice form” of F

1. G =F
2. ldentify “critical pairs” p, g from pivots
3. Loop through critical pairs:
(a) s = o,p—0,q
(b) reduces moduloG, append reduced tG
4. “Nice form”?

YES: Done!
NO: goto 2



Generalize to non-linear:

@ Pivots?

@ Elimination?

@ Reduction?

@ “Nice form”?



Pivots?

fi=x*+xy+y? L=xz+2z’
@ Forf;:

x2+xy+y2 x2+xy+y2 x2+xy+y2

@ Forf,:

xz—i—z3 xz—I—z3



Pivots? Leading terms!

Notation: leading terme~ It (/)

Term ordering (=) admissible iff V¢, u,v € T

1. u>=vorvo>=uoru—=7o
2. u|vimpliesv > uorv=u

3. u=vimpliestu = tv



Leading terms, examples

fi=x*+xy+y? L=xz+2z’
Q lex(x>y>2z):

xz—l—xy—l—y2 Xz 4z’

@ tdeg(x>y-z):

xz—l—xy—l—y2 Xz + 2’



Term orderings: notes

[ 1 \ 1
lex e~ tdeg e | ... 1 1
U S

@ Use: multiply matrix by exponent vector to obtain
“weight vector”, compare top to bottom




Term orderings: examples

Comparex, yz using lex:

1 1 1
1 0 | =

1 0 0

1 0

1 — 1

SOX >V Z.



Term orderings: examples

Comparex, yz using tdeg:

1 1 1 1 1
1 0 | =
0
1 1 1 2
1 =1 1

SOX < deg) Z-



Term orderings: notes

@ Often useful to change

@ To answer our questions, arpyok

@ To find explicit zeroes, neddx



Elimination? S-polynomials!

h=x"+1 f=y"+1

Multiply to lcm, subtract:

y - (v +1)
x2-<y2——1)

Thus theS-polynomial
S, (f.fo) =y —x



Reduction? linear case

Recall
40 —8x —12z =0
2x  +4y =0
—_— e
3y +z =0
24x +12y —12z =0
40 —8x —12z =0
2x +4y =0
- —
3y +z =0
0 =0

3f, —4f, = —12f,+ 12f,



Reduction? non-linear case

fi=x"+1
fHh=r"+1

S> (fpfz) — yz — x?




Reduction? non-linear case

fi=x"+1
fHh=r"+1

S, i:/2) = —1h+1/;




Representation

S, (f1,/,) has arepresentation modulo(f,,1,,...,f )
if 3b,,h,,...,h, s.t.

@ S, fuh)=hh+hf++h,f,

@ /,’s obtainable by reduction:
Ve =1,...,m h, #0implies

le, (by) -1t, () <lem (Ie, (f,),Ie, (f5)



Representation, example

Consider
fi=x"+ x> —11x* —=9x + 18
f,=x?y—3x*—xy+3x —6y+18

S, (fi,5) = 2x’y—5x"y —9xy + 18y + 3x* —3x’ — 18x°



Representation, example

Consider
fi=x"+ x> —11x* —=9x + 18
f,=x?y—3x*—xy+3x —6y+18

S, (f,5) = —3x*y+3xy+ 18y +3x* —3x° —24x* — 36x

2x £,




Representation, example

Consider
fi=x"+x>—11x*—9x + 18
f,=x?y—3x*—xy+3x —6y+18

S, (f,5) = 3x*+3x>—33x% —27x +54
(2x —3) /,




Representation, example

Consider
fi=x"+x>—11x*—9x + 18
f,=x?y—3x*—xy+3x —6y+18

S, /) = 3h+(2x=3)}
@ It (3)-1t, (f)=3x* < x%

@ It (2x—4)-1t_(f,)=2xy < «x*y
Q@ h=0




Nice form?

Difficulty:
fi=xy+z HL=y*—z - = tdeg(x>y>2z)

S, (fpfz) —)VZ—XZ

S. (fi,f,) =~ newleading terms

Linear analogue:

w +2x =5y +z =0 w +2x =5y +z =0
x +3y 4z =0 x +3y 4z =0

2w +4x =0 10y =2z =0



Nice form: definition

F 1s aGrobner basisiff

Vpel (fifor s Sm)
It, (/) |1t,_(p) for somek =1,...,m

where.# (1, f5s---> f) iS
the ideal ofF in Q [x,,x,,...,x, |; thatis,

{hifi+hofat-+h, [ hihy. b, €Qlx;,x...,x,]}



Nice form? result

Theorem (Buchberger, 1965)

F 1s a Grobner basis

0

everyS, (fl.,f]-) has a representation moduto



Nice form? algorithm

Algorithm  “Grobner basis” (Buchberger, 1965)

UL F = (ffyesfy), -
Output: G =1(g;,&---,8,), a Grobner basis of wrt >

1. G =F
2. ldentify critical pairsg;, g; from z;,z;

3. Loop through critical pairs:
(a) S>— (][z’][]> — O-ijgz' _O-jz'gj
(b) Reduces._ (gz-,g]) moduloG, append ta&

4. Grobner basis?

YES: Donel
NO:goto 2



- Part 3: Solutions to questions

How do Grobner bases answer our guestions?



Common zeroes?

F has common zeroes

0

GBasis{) has common zeroes

0

constang GBasisf)

Linear parallel:

x+7y=0
—1=0



Common zeroes? example 1

h=x"+1 f=y"+1



Common zeroes? example 1

h=x"+1 f=y"+1

GBasisf) = F

< S><f1’f2) — yz_xz >
L= h

c ¢ F foranyceC

. COMMON ZEROES



Common zeroes? example 2

f=fi+1



Common zeroes? example 2

h=/+1
S> <f1>f2) = -1

GBasis(F)=1{/, f,,—1}

. NO COMMON ZEROES



Finitely many solutions?

Finitely many zeroes
(Zero-dimensional)

0

a power ofeachvariable
appears in LeadingTerms(GBagig)

Linear parallel: all variables in diagonal
x =y 4z 3

3y 4z =5
z =1



Dimension of zeroes? example 1

h=x"+1 f=y"+1

x'in £, 97 in £,

- ZERO-DIMENSIONAL!



Dimension of zeroes?

Dimension of Zeroe()

= Dimension of Zeroes(GBasig))

Dimension of Zeroes(LeadingTerms(GBasig(



Dimension of zeroes? example 2

@ x’ not a leading term=> not zero-dimensional
@ Dimension of Zeroeg()

= Dimension of Zeroes{x, wy, wz)

=3



Number of zeroes?

@ Plot It's on axis

@ count termsotdivisible by It's

C [xl,...,xn]
I (frsfore-sS)

112

)

(Why?Span (x':X' €. (t;,...,1,,))



Number of zeroes? example 1

h=x"+1 f=y"+1




Summary of method

fi=xy=2x —y*+2
L=x?y—x*+y—1
< =lex(y<x)

S\ i) =—fi+ it (=2 =297 +3)
s Add f; = x? +2y% =3



Summary of method

— xy? —=2x —y% 42
Ji=xy Y
fzzxzy—xz—l—y—l
f=x"+2y*=3

S.(fuf)=—h—2/+ (2" —6y° +4)
s Add £, =yt —3y7 42



- Summary of method

fi=xy=2x —y*+2
L=x?y—x*+y—1
f=x"+2y*=3
fi=yt=3y7+2

S.(ffs)=—f+ (27 =29" =4y +4)
.'.Add]%:y3—y2—2y-|-2



Summary of method

flzxyz—ZX—yz—I—Z
fr=x'y —x*+y—1
f=x"+2y*=3
fo=y"=3y*+2
fs=y"—y>=2y+2

GB(U1s ) = s s J3 Jas /53



Summary of method

leading termsxy?, x?y, x%, 94,9’

y' @
), o
xy?
) O
2
OO e

five solutions
(infactf, =(x—1)(y*—1) andf, = (x*+1) (y — 1))

From



l Part 3: Recent advances

Optimizations of Buchberger’s algorithm?



Difficulty with GrGbner bases

Worst-case:

Doubly-exponential in variables, total degree

Can we skip somé&-polys?



SKip? previous work

1965 Buchberger, B.

1979 Buchberger, B.

1988 Gebauer, R. and Mdller, H.

2002 Caboara, M.; Kreuzer, M.; Robbiano, L.

2003 Faugere, J.C. (criterion on other terms, coefficient:



Skip? example 1

fi=x*+R, =07 +R,
S, 1:/2) = Rifh—Ryf,

. We can skiS, (£, /,)!



Skip? first result!

Theorem BCRP (Buchberger, 1965)

If t,,t, are relatively prime

Then can skipS, (f,/,)
Y 1., f, with leading termg,, 1,

Linear parallel. two equations already in “nice form”

X _|_2y 4 ...
0 3y




Skip? summary example

leading termsxy?, x?y, x%, 94,9’

y3s><f2>f3) + S>(f2>ﬁl>
y28><f2>f3) + S»(f2>f5)

S, (/3> f4)
S, (/3 /5)

. We can skiS,_(f;, f,) andS,_ (£, f5)!



Skip? second result!

Theorem BCLD (Buchberger, 1979)
If ¢, divideslem(z,, t;)

Then can skipS._(f,, f5)
Y1, />, 5 with leading terms , t,, ¢,



How common are BC skips?

P

©

BCRP, BCLD skips not skipped| Polys in GB
16 11 8
22 14 9
113 77 20
13 23 9
244 133 28
22 29 11

compute GBasis of polynomiafs, /,, f;

two to five variables

two to five monomials, total degree 5, exponents from
Oto 10

random coefficients I,
total-deqgree term ordering .



Skip? example 3
]fl:wx+... ]fzzwy+... f3:wz+---
S, (fvf) = U-h + 31,
S, (J»/5) = 2, + 1-/;
S, (fufs) = —2-/, - 3-/;

Curious pattern...



Skip? Third result!

Theorem EBC3(To appear 2007)
If (EC-div) and (EC-var)

Then can skipS, (f}, ;) modulo (f,,f,,f;)
Y1, f,, [ with leading terms, ¢,, ¢,



Skip? Third result!

Theorem EBC3(To appear 2007)

If (EC-div) and (EC-var)

Then can skipS, (f}, ;) modulo (f,,f,,f;)
Y1, f,, [ with leading terms, ¢,, ¢,

(EC-div):

(EC-var): Vx

sed(ty,83) | 1, OF
t, | lem(z,,¢;)

d
d

eg t; =0, 0r

leg t; =0, 0r

C

eg t, < max (deg, t;,deg, 1;)

From




How often can we skip?

ChainedPolynomial Skips

vars| BCRP, BCLD skipg EC skips
3 ~53,000 ~7,000
4 ~43,000 ~6,000
5 ~35,000 ~5,000
6 ~28,000 ~4,000

@ 100,000 triplets,, t,, t;

@ maximum degree of each indeterminate: 10

@ ordered from least to greatest

@ consistent in lexicographic, total-degree term ordering



Skip? new result!

Theorem NCm (Discovered Dec. 2006)
If (BCLM) or (EC)

Thencan skipS,_ (f;, f,,) modulo (f,,f,,...,f,)

m

Vi, /.-, [, with leading terms, t,,...,t¢

m



Skip? new result!

Theorem NCm (Discovered Dec. 2006)
If (BCLM) or (EC)

Thencan skipS,_ (f;, f,,) modulo (f,,f,,...,f,)

m

Vi, /.-, [, with leading terms, t,,...,t¢

m

(EC): Vk:1<k<m gcd(tl, ) | 2, and
Vx deg t;,=0,o0r
leg t; =0, 0r

d
deg t;, <deg t,<..-<deg t,,or
d

m’

‘“egx tl 2 degx t2 2 Tt > degx m



- Skip? fifth result!

Corollary
If tk — Xo XL fOI’k — 1,...,7’}’l

andfor:=1,...,m—1
S, (f;»/,+1) has arepresentation modulg,...,f,,).

Then (f,,...,/,,) is GB
Yf,...,f, withleading terms,,...,t

m



Summary
Gauss
“nice form”? elimination does not introduce It
elimination lcm of coefficients, subtract

common zeroes?

dimension of zeroes’:

number of zeroes?

consistent systems
variables that are not pivots
zero, one, infinite

From to —n.F



Summary
Grobner
“nice form”? S-poly does not introduce It
elimination lcm of Its, subtract
common zeroes? no constant in basis
dimension of zeroes[? dimension of Its
number of zeroes? terms not divided by Its




Questions

1. GB detection?
(Exists such that already GB?)

2. GBs under composition?
(“Chain Rule” for GB computation?)

3. Criterion in noncommutative rings?
(xy # yx, with possible application to cryptography)



l Finis

Thank you!
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